Q1la)Cetral limit thereom

Let {Xj, X,, ..., X»} be a random sample of size n — that is, a sequence of independent and
identically distributed random variables with expected values p and variances ¢°. Suppose we are
interested in the behavior of the sample average of these random variables: S, = (X; + ... + X,).
Then the central limit theorem asserts that for large n’s, the distribution of S, is approximately
normal with mean p and variance ¢°. The true strength of the theorem is that S, approaches

normality regardless of the shapes of the distributions of individual X;’s. Formally, the theorem
can be stated as follows:

Lindeberg-Lévy CLT: suppose {X;} is a sequence of iid random variables with E[X;] =
u and Var[X;] = ¢>. Then as n approaches infinity, the random variable V (S, — p)
converges in distribution to a normal N(0, ¢°):

1 T
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Convergence in distribution means that the cumulative distribution function of V(S, — p)
converges pointwise to the cdf of the N(0, ¢*) distribution: for any real number z,

lim Pr[y/n(S, — p) < 2] = ®(z/0),

n—0

where ®(x) is the standard normal cdf.
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C) a stationary process (or strict stationary process or

strong(ly) stationary process) is a stochastic process whose joint
probability distribution does not change when shifted in time or space. As a result,
parameters such as the mean and variance, if they exist, also do not change over
time or position.

Stationarity is used as a tool in time series analysis, where the raw data are often transformed to
become stationary; for example, economic data are often seasonal and/or dependent on a non-
stationary price level. An important type of non-stationary process that does not include a trend-
like behavior is the cyclostationary process.

Note that a "stationary process" is not the same thing as a "process with a stationary
distribution". Indeed there are further possibilities for confusion with the use of "stationary" in
the context of stochastic processes; for example a "time-homogeneous" Markov chain (which
condition is sometimes called by the name "stationary Markov chain") is sometimes said to have
"stationary transition probabilities".

Weak or wide-sense stationarity

A weaker form of stationarity commonly employed in signal processing is known as weak-sense
stationarity, wide-sense stationarity (WSS) or covariance stationarity. WSS random
processes only require that 1st and 2nd moments do not vary with respect to time. Any strictly
stationary process which has a mean and a covariance is also WSS.

So, a continuous-time random process x(t) which is WSS has the following restrictions on its
mean function

and autocorrelation function

The first property implies that the mean function m,(t) must be constant. The second property

implies that the correlation function depends only on the difference between t; and t; and only
needs to be indexed by one variable rather than two variables

d) A Markov chain, named for Andrey Markov, is a mathematical system that transits from one
state to another (out of a finite or countable number of possible states) in a chainlike manner. It is
a random process endowed with the Markov property: that the next state depends only on the
current state and not on the past. Markov chains have many applications as statistical models of
real-world processes.

Application:Markovian systems appear extensively in thermodynamics and statistical
mechanics,



Q 2 a) Concitions for a funchion 1o be a sondom variaple

B gonden variabde X is e PYOCess of asgignINg
J +0 eve¥y DUV % . he

oL umber X (& . |
on hust Saitisty the foilowing two

ff.éu&imﬁ fanc

o endithions .
1. The sel § W& % e on event Ry eveTy oL

Tho Probabilities of he eveds § X &0y
emel § Xz g gqual o
The secpnsl  conduhon stectes ot adtinoughn
%S allowed 0 e +oe o - 00 fov sove
LTS gnese cudlees fono ¢ SeE with 2ev0

probability.

o

Q2b)Convergence in distribution

A sequence {Xj, X, ...} of random variables is said to converge in distribution, or converge
weakly, or converge in law to a random variable X if

lim F,(x) = F(x),

n—0

for every number x € R at which F is continuous. Here F, and F are the cumulative distribution
functions of random variables X, and X correspondingly

The basic idea behind this type of convergence is that the probability of an “unusual” outcome
becomes smaller and smaller as the sequence progresses
A sequence {X,} of random variables converges in probability towards X if for all € >0

lim Pr(|X, — X|>¢)=0.

n—20

Convergence in mean

We say that the sequence X, converges in the r-th mean (or in the L™-norm) towards X, for
some r > 1, if r-th absolute moments of X, and X exist, and



lim E(|X, — X|") =0,

where the operator E denotes the expected value. Convergence in r-th mean tells us that the
expectation of the r-th power of the difference between X, and X converges to zero.

This type of convergence is often denoted by adding the letter L™ over an arrow indicating
convergence:

x, Lx.

Read more: http://www.answers.com/topic/convergence-of-random-
variables#ixzz1NY2Nfgdl

To say that the sequence X, converges almost surely or almost everywhere or with probability
1 or strongly towards X means that

Pr( lim X, = X) —1.

n—20

This means that the values of X, approach the value of X, in the sense (see almost surely) that
events for which X, does not converge to X have probability 0. Using the probability space
(£2,7,Pland the concept of the random variable as a function from Q to R, this is equivalent to
the statement

Q3a) Given a probability space , a stochastic process (or random process) with state space X is
a collection of X-valued random variables indexed by a set T ("time"). That is, a stochastic

process F is a collection where each F is an X-valued random variable.

Given a probability space (Q! F.P ), a stochastic process (or random process) with state
space X is a collection of X-valued random variables indexed by a set T ("time"). That is, a
stochastic process F is a collection

{FffET}

where each F/ is an X-valued random variable.

A modification G of the process F is a stochastic process on the same state space, with the same
parameter set T such that



PF,=G)=1 WtecT
A modification is indistinguishable if

PVteT,Fi=Gy)=1.

Kolmogorov extension

The Kolmogorov extension proceeds along the following lines: assuming that a probability
measure on the space of all functions [ - j'feXists, then it can be used to specify the joint

probability distribution of finite-dimensional random variables flx 1:].' o flz n:' . Now,
from this n-dimensional probability distribution we can deduce an (n — 1)-dimensional marginal

probability distribution for flxe), - flzny) . Note that the obvious compatibility
condition, namely, that this marginal probability distribution be in the same class as the one
derived from the full-blown stochastic process, is not a requirement. Such a condition only holds,
for example, if the stochastic process is a Wiener process (in which case the marginals are all
gaussian distributions of the exponential class) but not in general for all stochastic processes.
When this condition is expressed in terms of probability densities, the result is called the
Chapman—-Kolmogorov equation.

The Kolmogorov extension theorem guarantees the existence of a stochastic process with a given
family of finite-dimensional probability distributions satisfying the Chapman-Kolmogorov
compatibility condition.

of a function be of little interest, but the really bad news is that virtually all concepts of calculus
are of this sort. For example:

1. boundedness
2. continuity
3. differentiability

all require knowledge of uncountably many values of the function.

One solution to this problem is to require that the stochastic process be separable. In other words,

that there be some countable set of coordinates {f(X;)} whose values determine the whole
random function f.

The Kolmogorov continuity theorem guarantees that processes that satisfy certain constraints on
the moments of their increments have continuous modifications.



Examples and special cases
Time

A notable special case is where the time is a discrete set, for example the nonnegative integers
{0, 1, 2, 3, ...}. Another important special case is T=R

Stochastic processes may be defined in higher dimensions by attaching a multivariate random
variable to each point in the index set, which is equivalent to using a multidimensional index set.
Indeed a multivariate random variable can itself be viewed as a stochastic process with index set
T={1, ..., n}.

Examples

The paradigm of continuous stochastic process is that of the Wiener process. In its original form
the problem was concerned with a particle floating on a liquid surface, receiving "kicks" from
the molecules of the liquid. The particle is then viewed as being subject to a random force which,
since the molecules are very small and very close together, is treated as being continuous and,
since the particle is constrained to the surface of the liquid by surface tension, is at each point in
time a vector parallel to the surface. Thus the random force is described by a two component
stochastic process; two real-valued random variables are associated to each point in the index set,
time, (note that since the liquid is viewed as being homogeneous the force is independent of the
spatial coordinates) with the domain of the two random variables being R, giving the x and y
components of the force. A treatment of Brownian motion generally also includes the effect of
viscosity, resulting in an equation of motion known as the Langevin equation.

If the index set of the process is N (the natural numbers), and the range is R (the real numbers),
there are some natural questions to ask about the sample sequences of a process {Xi}; en, where a
sample sequence is {X(w)i}ien.
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Q5 a)Markov chains Transition probability matrix

The probability of going from state i to state j in n time steps is



pt_} PI'( - j | X‘D - ?’)
and the single-step transition is
pij = Pr(Xy =7 | Xo =1).

For a time-homogeneous Markov chain:

pt_} Pr(Xh+ﬂ — .? | XF., - 3)
and
Pij = PT(XF;H_ =7 | Xi = i)-

The n-step transition probabilities satisfy the Chapman—Kolmogorov equation, that for any k
such that 0 < k < n,

p) =3 plpnh)

res
where S is the state space of the Markov chain.

The marginal distribution Pr(X, = x) is the distribution over states at time n. The initial
distribution is Pr(X, = x). The evolution of the process through one time step is described by

( _.?)_Zprj PI‘ n— I—T):ZPE?JPI'(XG :?").

TS reES
The superscript (n) is an index and not an exponent.
Reducibility
A state j is said to be accessible from a state i (written i — j) if a system started in state i has a

non-zero probability of transitioning into state j at some point. Formally, state j is accessible
from state i if there exists an integer n > 0 such that

. : {n)
Pr(X, =j[Xo=1)=py >0.
Allowing n to be zero means that every state is defined to be accessible from itself.

A state i is said to communicate with state j (written i « j)if bothi — jandj — i. A set of
states C is a communicating class if every pair of states in C communicates with each other, and



no state in C communicates with any state not in C. It can be shown that communication in this
sense is an equivalence relation and thus that communicating classes are the equivalence classes
of this relation. A communicating class is closed if the probability of leaving the class is zero,
namely that if i is in C but j is not, then j is not accessible from i.

That said, communicating classes need not be commutative, in that classes achieving greater
periodic frequencies that encompass 100% of the phases of smaller periodic frequencies, may
still be communicating classes provided a form of either diminished, downgraded, or multiplexed
cooperation exists within the higher frequency class.

Finally, a Markov chain is said to be irreducible if its state space is a single communicating
class; in other words, if it is possible to get to any state from any state.
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