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Q1) a If 05

J.e‘z’.sin(t +).cos(t +a)dt = £
0 , then find a.

sinlttainlx 1 2 . 1 3
—)=—[_—+31n20c.—-|=— 01
7| =244 = A

Ans: L(sin(t+a).cos(t-a))=L (

2

+ 51 20(1]_3
sin2 .- =~

Z

s+ 4 5 -
For s =2, -i+3£n2 oc.f]:%
L4+4 3
) 03
So, sin2a =1
20.=m/2
05
o=m/4.

b) Prove that every Hermitian matrix A can be express as B + iC, where Bis 05
real symmetric and C is real skew symmetric matrix.

A=B+iC
Ans: 01
=2{a+ D} +i-{(4+ D)

If Z & Z be complex and complex conjugates of each other then

%(z+ Z) and Tli(z—f} are real 02

RT = 2{(4+ DY = 2{(aT + 4T} = H{(4¢"+287)} since A is

Hermitian is given.

=%{(4+,ﬂ} —R

03
So, B is symmetric.
05
Similarly we can prove, €T = —C i.e. C is skew — symmetric.
¢) Iff(z) is an analytic function, prove that 05
0° 9 \
{y"‘y 10g|f (Z)|:0
Ans: * Y 01
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F(z)=u+1iv
F(z) =ux+ 1 Vyx

I (2)] = Jux? +vx?

log|f' ()] = logyJux? + vx?

loglf'(2)| = 3loglf ()1

But, |f'(2)|2="(2).£°(2)

loglf' (@) =3logf'(2).£ (2]

02
=2 [togf(2) + logfi2)]
Now,
a! a! , a! ,
(Exz + a},g)iﬂglf @) = 45—loglf'(2)|
03
— 4L loglf'(2)] + 3 toglf' (3
e , 2 1
=2 —[loglf'(2)| + 2 S loglf'(2)|
05
8 , §pa L5
:2az(a§1ug{f {Z}}) ! Eaz(aglc’g(f Z})
—nf 8oy —
_233 (0) + 2-- (0)=0
d) [(22+2)dz o 05
Evaluate ¢ along the line joining (1,-1), (2,3)
Ans:
y+1 x—3
-1—-1 3-2 01
yti_=-3
-2 1
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Y+1=-2x+6

Y +2x=5

Y=5-2x

Dy =-2dx 02

Dz=dx +idy =dx=2idx = (1-2i) dx

I= [ (G + )2+ (2 + ) (dx + idy) 04
=2 ¥2 0 2my) 1 (e 1 iy)(dx 1 idy)

Sub. Y =5 -2x we get,

05
[=-75/6 +32i/3
Q.2) a) Find the image of the triangle whose vertices are i, 1+i, 1-i under the 06
transformation w = 3z +4 -2i.
Ans:
U + iv=3(x+iy) +4 -2i
2 02
=3x + 13y + 4 -2i
(3x+4) +i(3y-2)
Hereu=3x+4 and v=3y-2.
06
Solving we get vertices of triangle are:
4,1) (7,1) and ( 7,-5)
b 07
) cot™ [%j
Find the inverse Laplace transform of 5.
™
Ans: cot™ls = ;—tan'ls 01
So,
1= _T. 14
cot 273 tan =2
Let
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0'(s) = = (F)=s

143 5944

1._ ' _ .- =
SO,:L 1{'-?3' (3}}_ . L 1(_,4+4) 02

—4 [ 5 ]
= —L_l T - ¥ 5
t s+ 2)%—25°

d 4l 5 5

T 4 [s=—zs+2_s=+:s+2]

03
e 11
Tt [u:s—1}=+1 I:3+1}1+]_-|
___1 -1 L L B—#r—1 L
_refL (_q=+1) - (51—1)
05
=-1/t (e'sint—e " sint)
07
=(-2 sint sinht )/t.
¢) Find non singular matrices P and Q such that PAQ is in normal form. 07
Also find rank of A, and A”.
Where
2 1 3
A=|3 1 2
1 2 3
Ans:
A= A Iz
2 1 3 10 0 1 0 0 0l
3 1 2|—|0 1 0j4|0 1 0
1 2 3 001 0 0 1
R13
1 2 3 00 1 1 0 0
3 1 2|=|0 1 0/4)0 1 0
2 1 3 1 0 0 o 0 1
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R2 -3R1, R3-2RI1 02

1 2 3 0D o 1 1 00
0 -5 =7|=|0 1 -3[A[0 1 O
0 3 3 1 0 2 o 0 1

C2-2C1, C3-3C1

04
1 0 0] [0 0 1] [t -2 -3
0 = l=0 1 I|A0 1 0
0o -3 -3 1 o -2llo o 1
05
SO, {(A) =2
-1 3 -1
Al==|-7 3 5
fls -3 -1 01

Q.3) a) Show that the vectors x1, x2. X3 are linearly independent and the vector 06
x4 depends upon them, where, xI = (1,2,4), x2=(2,-1,3), x3=(0,1,2), x4 =
(-3, 7, 2).

Ans: Axl +bx2+cx3=0

A (12,4) +b(2,-1,3)+¢(0,1,2)=0 01
A+2b+0c=0
2a-b+c=0

4a+3b +2c=0

-[3

R2 -2RI1,R3-4RI1

AX =0 02

1 2 0
2 -1 1
4 3 2

04
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o %2 1[[-l

05
R3-R2
1 2 0 0
0 -5 1 F’] =10
0 0 21t 0
SO, X1, X2, X3 are linearly independent. 06
But for X4 = (-3,7,2) given system becomes dependent.
So, X4 depend on them.
b) Find the inverse Laplace transform by using convolution theorem of the 07
1
function SNS+4
. -1/2
PRI
Ans: (s +4)1/? V1,2 01
And I71(2) =1
02
] 1 1
—1leole) — -1 2 E
k i (;'(s+ 4}1&)
= -JI: = _-\,"_:_E (1} du
: 04
Put 4u = x°
du =22 i = x/2
R VET X 05
L_l(j- 1 ) J-E'\"E E—x: )
i __dx
5 (s +1)1/2 u VT 07
=1/2erf (24/1)
c) State Residue theorem. Hence evaluate 07
ZJ-” dé
v 3—2cos@+sinf
Ans: Statement: If f(Z) is an analytic function everywhere except some finite 01
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number of points then

jf (z)dz = 2mi(sum of the residues)

03
dz 1
Let I = - T, 22
€ izg 2}:"+ +zﬂ:
_ J‘ dz 2iz
) iz6iz—2i(z2+ 1)+ (z2-1) 05
b J‘ dz 2iz
), iz@iz—2iz2—2i+(z*—1)
| : d
- N7 - - e
. (1-20)z% +6iz —(1+2i)
' 07
So, [ = (2+1)
4 SErda 06
Q4 a) Find the analytic function f(z) = u + iv such that u+v = m
Ans:
F(z)=u+1iv
02
if(z) =ui—v
(1+1)f(z)= (u-v) +i(u+v)
=U+iV
Y= et = sinlx
a3 - coshly—coslx
Vx = 2oosh2yroslx—2
W (cosh2y—cos2x)?
04

Vv & —2zinhysinlx

icosh2y—cos2x)*?
By Milne Thompson’s method,
(1+i) £(z) = Vy +iVx

= [11(z,0) +102(z,0)
2{cos2z 1)

(1+1) f(z)=J0+i

(1—coslz)?
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_ Z_J‘ dz
- ' 1l cos2:z

05
=—i j cosec z dz
=]cotz+c¢’
So, f(z) = i_r.nt7+ £ 06
1+¢

b) Express the following function as Heaviside’s unit step function and find 07
it’s Laplace transform

f(@)=cost,0<t<x
=CcoS2t, T<t<27w

=cos3t,t>2x
Ans: F(t)= cost( H(t) — H(t-)) + cos2t[H(t-)-H(t-27) |+cos3t[H(t-2x] 01
= cost H(t) + (cos2t — cost) H(t-m) + (cos3t — cos2t) H(t-2m) 03
So, Lf(t) = L(cost) + e™ L (cos2(t+1)-cos(t+7)) + e ““L[cos3(t+27)- 04
cos2(t+2m)]
06
=L(cost) + e ™(cos2t + cost ) + & ™ (cos3t — cos2t )
N 31+1+ 9“’73[3:+4+3:+1] re e [31+9_31+4] 07
¢) Compute A*—6 A% + 10A” - 3A° + A + 1 07
Where
[1 2 3
A=]-1 3 1
- 0 2
) 1 2 3
Ans: A=l-1 3 1 02
L— 0 2J

Characteristic equation is:

[A-M][X]=[0]
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A —61+10L-3=0
By Cayley Hamilton theorem, 04
A—6A*+10A-3=0

SO, A°—6 A%+ 10A7 —3A°+ A +1

=A°(A’-6 A’+10A-3)+A+1

06
=A°0)+A+1
=A+I
2 2 3 07
11 & 2
1 0y 3
Q.5) a) Evaluate the following integral by using Laplace transform 06
I= Ie" {tj e .cos ua’u} dt
0 0
Ans: Lcost) = o= 02
—4 _ s+4
L(e™#*cost) = o
—a _ s+4
L(e#tcost) = ot
fpt —au _ E +4
le_]" o€ cosudu= s L=+ss+1?D
04

£t i1[ sta
Litf e 4*‘cosudu=———[_ D
L iz = Ls2+8s+17
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[l_'_sf*+ Bs2+17s) (1) ~{=+4) 3%+ 163+1T'_,]

(s8 482 4+175)2
Sub. S =1,
B (:5—13&) — 022 06
T \gr) T
b) Evaluate: 07
R COS X
dx,a>0,b> 0.
L(x2+a2)(x2+b2)
Ans: I= _J"_OC — = 4z 02

™ (2240 (z24+bT)

Here poles of the integral are:

Z = ai, -ai, bi, - bi

The poles ai and bi lies inside the close curve C

cosz
(z—ailz+ail(zZ+a®)

Residue of f(z) at z = ai = lim._,,;{z — ai)
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cogai

(Zaili—aZ+b%)

cosha
(Zai)(—a2+bT)

05
. . : < COSE
Residue of f(z) at z=bi = lim__,;(z — b} AT T
_ cosbi
- (Zot)—5*+a®)
06
coshhb
T iZBi)i-pi+ed)
By Residue theorem,
I =27 (sum of the residues)
. cosha coshh
= 2mi [(Eei}-:—e1+b1} ] l::b:':l-:—b1+g1}] 07
_m [sP g9
= FalT -2
c) State Cauchy’s Integral formula and hence evaluate 07
sin 7> +coszwz’
C:lzl=4 (Z_2)(Z_3)
Ans: Statement: If f(z) is analytic everywhere except at z = a, then 02

f%dz = 2mi fla)
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Here z = 2 and z=3 are the poles which ling inside C

X
0
-4

1 - A N E
(z—2)(z-3) =z—-2 z-3 W
1% A(z 3)l4-B(z<2)
Solving we get, A=-1and B =1

1 -1 1

= +
(z—20z-3) z—-2 =z-3
sinmz® +ooswE® fe sinnz® +oosmr® = sinmz tcosnz® 06

f (z—2)=z-3) dz f (z—3) 7 r (=z-2) 43

= 2mi £(3) - 2mi f(2)

. . . 07
= 2mi(-1) -2mi (1) =-4mi
Q.6) a) Find all possible Laurent’s expansions of the function 06
f(Z)=—7Z_2 aboutz =—1.

2(z=2)(z+1)
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Ans: 7z—1 _A B ¢ 01
z(z 2:}'{zl‘l}_z+z 2+2."I‘l

- 4,z 3 02
(z+1)-1  (z+1)-3  =z+1

(i) When |z+11<1 we write,

F)=— 2
z+1  1—{z+1) 3—(z+1)

When | z+1 | <1 then obviously | z+1 | <3

F _3_ 1 2
@)= 1—(z+1) —(1—ﬂj

S P DY PR S G
ik T+E+)+(E+1) 4. ] 2[1+ ol

04
() 1< lz+11<3
Fgr=—f+ ——— — ——
14z {z+1:](1—;11) 3{1—%1]
[ |14
1+z  (z+1) z+1  z+1?
(iilz+11>3
-3 1 2
F(z)=—+ .
14z {z+1:](1—;11) {z+lj(1—i]
.. L [ TR ]_L 1+
T4z (z41) z+l  z+1? z+1 41z 06
b) Solve the following equation by using Laplace transform 07
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§+2y+J.ydt =sint
! g given y(0)=1. 02

Ans: Taking laplace transform on both sides,

Liy)+2L(y)+ 1L (f;}fdt) = L{sint)

F—1+ 2§42 j=— 04
it Yl an
1y ;i ESES N1
(S it ;)}' T =
2 Al
48 sis i ﬂzJ 05
(s+1)%(s%+1)
oqf slSBe2)
SO’ y e L (|:3+1:|:I:3:+1}J
_g-1f 3 1 L
ik L+1 2 (s+1}=+ 2 u:s=+1}]
07

Y=et—3tet 4+ Zgint
c) Find the bilinear transformation which maps z=0, I, -2i onto w = -4i, 0,0 07
respectively. Also obtain fixed points of the transformation.

_aitbh
Ans: W1 d 01

Z=0,1,-2iand w = -41, 0, 0

at + b _—2ai+b
ci+d’ T —Zritd
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B=-4c, a=2ci 03

ai + b
W=
ci +d

_ Zeiz—4c _ Ziz—4 _ (Ez-h}:')

cE—ci =—i iz+1

05

Sub.w=1z

AN (23+4:’)

34§

So, z =-4/1, -i are fixed points. 07

Q.7) a) Show that v = e~**¥sin {x* — v?) is harmonic. Find the corresponding 06

analytic function f{(z) and also find the harmonic conjugate function v.

Let u = e~ *¥sin (x? — 2]

Ans: 01
So, uxx +uyy =0
U is Harmonic.
F'(z) =ux + ivx 02
=ux —-iuy
F(z) = [ ux —iuy
By milne Thomson’s method, 04
F(z) = —ie™ +¢
So, v=—e " ®¥ g (x% — y?) 06
b 07
) Find Llerf \/;) and hence find L(t.erf 2\/;)
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Ans: ) 2 j. 2y
erf(t)=—=|e " dx
\/;0
=Ll
so,erf(Nt)=—= | e " dx
2]
Vi 4 02
1- x2+x—— ........ dx
- |
2 s t3/2 t5/2
=— —— b R T
;r{ 3 521 03
50,
1 11 131
L(erf(\/;)): 3,2|: _E— EZS—Z ......... }
1 12
_W(l-i'l/ )
05
.
svs+1
Lerf (2\1)) = L(erfv/41)
B i
4s/aJsl4+1
__ 2 06
svs+4
d 3 172
L(rerfz\ﬁ)z——(z(s —457) )
ds
= —2(—%) (53 —4s’ )_3/2 (352 + 85)
_ 3s+8
s (s+4)" 07
c) 0 1+2i 07
IN=l 142 o
! , then show that (I-N)(1+N)™ is a unitary matrix.
Ans: N[ 1 —(@1-+2i) 02
EN= [1—21' 1 ]
03
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I+N—[ 1 (1+21:|]
Tl 2 1
r 1 (1+20) 04
- —(1+2i
(I+N 123[1_21- ) ]
A=(I-N)IT + N) "1 = i [2(1__‘*21_} —2(3: 2:}]
4 2(1 — 2i) 06
by e 501 9
A=3[2{1 | 2i) 4 ]
F1] ) —2 = T 22)
¥ [(1 — = ]
i1 -2 (1+20)
A5 [—(1 —21) -2 ] \

So we get, A4 =1

Q.P.Code: GT-6372 Page 17 of 17 Prepared by: Prof. K. M.BAGAYATKAR



